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Abstract 

We employ the light-cone formalism to construct in the (super) Yang-Mills theories in the 
multi-color limit the one-loop dilatation operator acting on single trace products of chiral super- 
fields separated by light-like distances. In the A/" = 4 Yang-Mills theory it exhausts all Wilson 
operators of the maximal Lorentz spin while in nonsupersymmetric Yang-Mills theory it is re- 
stricted to the sector of maximal helicity gluonic operators. We show that the dilatation operator 
in all A/"— extended super Yang-Mills theories is given by the same integral operator which acts 
on the (A/" + 1)— dimensional superspace and is invariant under the SL(2\N') superconformal 
transformations. We construct the i?— matrix on this space and identify the dilatation operator 
as the Hamiltonian of the Heisenberg SL{2\N') spin chain. 



1 Unite Mixte de Recherche du CNRS (UMR 8627). 



1. Introduction 



It has been recently recognized that four-dimensional Yang-Mills theory possesses a hidden sym- 
metry. It is not manifest in the classical Lagrangian and rather reveals itself on the quantum 
level through integrability properties of evolution equations governing the energy dependence of 
scattering amplitudes in the Regge limit [HEl and renormalization group equations for composite 
Wilson operators [SlIllElEl- In both cases, the evolution equations can be brought to the form 
of a Schrodinger equation which contains a large enough number of hidden integrals of motion 
to make it completely integrable. The underlying integrable structures have been identified as 
the celebrated Heisenberg spin magnet and its generalization. Their stringy interpretation has 
been proposed in [Zj. 

In this paper, we shall study renormalization of Wilson operators in (super) Yang-Mills theo- 
ries. These operators mix under renormalization and the corresponding mixing matrix defines a 
representation of the dilatation operator [F. The integrability of the latter has been discovered 
in QCD in the sector of gauge-invariant Wilson operators of the maximal helicity, the so-called 
quasipartonic operators jH]. To one-loop order, the dilatation operator inherits the conformal 
symmetry of the classical QCD Lagrangian and for the Wilson operators of the maximal Lorentz 
spin the full conformal group is reduced to the SL{2) subgroup. In the multi-color limit, the 
mixing problem for such operators can be reformulated as an eigenvalue problem for a one- 
dimensional chain of SL{2) conformal spins resided on sites of original QCD fields. Depending 
on the field content of Wilson operators, two integrable structures have been revealed: closed spin 
chains for multi-quark and multi-gluon operators, and open spin chains for operators involving 
fundamental matter at the ends of an array of gluons. 

Similar integrability phenomena have been recently found in the context of maximally super- 
symmetric Af = 4 super- Yang-Mills (SYM) theory. There, the one-loop mixing matrix in the 
sector of scalar operators has been identified in the multi-color limit as a Hamiltonian of the 
Heisenberg 5*0(6) spin chain fOl ^] and its generalization to arbitrary Wilson operators led 
to the identification of the A/" = 4 dilatation operator with the Hamiltonian of the PSU{2, 2|4) 
super-spin chain fT^ ^. 

A natural question arises whether integrability phenomena found in QCD and in the Af = A 
SYM theory in the different sectors of Wilson operators are related to each other. In this paper, 
we shall argue that integrability is not a genuine new symmetry of the Af = 4 SYM theory but 
is a general feature of the Yang-Mills theory in the multi-color limit, at least to one- loop order. 
In particular, we shall demonstrate how the Af = 4 integrable structures are related to those 
found previously in QCD to which we shall refer as the Af = SYM theory. We shall employ 
the light-cone formalism to construct in the (super) Yang-Mills theories in the multi-color limit 
the one-loop dilatation operator acting on single trace products of chiral superfields separated by 
light-like distances. In the Af = 4 theory it exhausts all Wilson operators of the maximal Lorentz 
spin while in A/" = theory it is restricted to the sector of maximal helicity gluonic operators. 
The advantage of this formalism is that the superfields involve only "physical", propagating 
modes and superconformal transformations can be realized linearly on the product of superfields 
"living" on the light-cone. This allows one to construct the one-loop dilatation operator as a 
quantum mechanical Hamiltonian and map it into the Heisenberg SL[2\Af) spin chain. 

The paper is organized as follows. In Sect. 2 we review the light-cone formulation of the 

^For super Yang-Mills theories with less supersymmetry analogous analyses have been performed in Refs. 
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(super) Yang-Mills theory. In Sect. 3 we define the generating function for Wilson operators of the 
maximal Lorentz spin and formulate the evolution equation governing its scale dependence. The 
constraints imposed on the evolution equation by the superconformal symmetry are discussed in 
Sect. 4. The one-loop dilatation operator entering this equation is calculated in the A/"— extended 
SYM in Sect. 5. It is identified in Sect. 6 as a Hamiltonian of the Heisenberg SL{2\N') spin chain. 
Section 7 contains concluding remarks. 



2. Yang-Mills theory on the light-cone 

A convenient framework for discussing integrability properties of (super) Yang-Mills theories is 
provided by the "light-cone formalism" fOl ^1 In this formalism, one sacrifices the full 
manifest covariance of the theory under the Poincare transformations with advantage of having 
the possibility to integrate out non-propagating components of fields and formulate the quantum 
action in terms of "physical" degrees of freedom. Another benefit of using the light-cone formalism 
in the SYM theory is that the A/"— extended supersymmetric algebra is closed off-shell for the 
propagating fields and there is no need to introduce auxiliary fields. This allows one to design 
an extended superspace formulation of A/" = 4 SYM theory while the covariant form of the same 
theory does not exist. 

In the light-cone formalism, one splits the gauge field into longitudinal and transverse compo- 
nents A^^{x) = (A^, A^,v4^ A") (with A±{x) = -^{Ao{x) ± Aaix)) , A{x) = -^iAi{x) +^^2(3;)) 
and A = A*) and quantizes the SYM theory in a noncovariant, light-cone gauge A" (x) = 0. Mak- 
ing a similar decomposition of (Majorana) fermion fields into the so-called "bad" and "good" 
components \P = + = ^+ + (with Il± = |7±7t)) one finds that the fields !Z>_(x) 
and A-{x) can be integrated out in this gauge. The resulting action of SYM theory is expressed 
in terms of physical fields — transverse components of the gauge fields, A{x) and A{x), "good" 
components of fermion fields ^+{x) and, in general, scalar fields. Let us summarize the light-cone 
formulation of SYM theories by starting with the AT = 4 model and going down to TV = 2, A/" = 1 
and, ultimately, J\f = models. 

In the A/" = 4 model, the propagating modes are the complex field A{x) describing transverse 
components of the gauge field, three complex scalar fields 0^^(x), complex Grassmann fields 
X'^i^x) defining "good" components of four Majorana fermions (with a,b = 1, ... ,4), and conju- 
gated to them are fields A{x), (pAB = = ^£abcd<P^^ and XAix). It is tacitly assumed that 
the fields belong to the adjoint representation of the SU{Nc) group. In the light-cone formalism, 
all propagating fields can be combined into a single scalar superfield ^(x^, 9^, 9a), and the action 
of the A/" = 4 SYM reads as [IT] 

J [2 di 3 \d+ d+ 

--g^P^J^^^ ( ^(^^bg^^c^^^^dQ^^e^ ^ }i^b^c^d^e\ 1 ^ ^2.1) 

2 \d+ a+ 2 / J 

where /"'"^ are the SU{Nc) structure constants, d+ = -^{dx^ — d^^), d = :^(c^3:i + idx2), ^ = 
(d)* and the integration measure over Grassmann variables is normalized as J d/^9 9^ . . .9^ = 
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J 9i . . .9j^ = 1. The complex scalar Af = A superfield is defined as 

^{x,9^,9a) = e'^'-''^S^d-'A{x) + 9^d-'\A{x) + 1^9^9^^ab{x) 

- yABCD9^9''9^X''{x) - ^eABCD9^9^9''9''d+A{x)y (2.2) 

Here 9 ■ 9 = 9a9^ and nonlocal operator d'^^ is defined using the Mandelstam-Leibbrandt pre- 
scription [IB] • We recall that the superfield (j2.2j) comprises all propagating fields, and expansion 
m 9^ can be viewed as an expansion in different helicity components: +1 for A[x), 1/2 for \a{x), 
for (j)ABi for A'^(x) and —1 for A{x). Notice that the two lowest components in ()2.2|) are 

nonlocal operators. A unique feature of ()2.2|) is that conjugated superfield is not independent 
and is related to <P(x, 6*^, 9a) as 

#(x, 9^, 9a) = -dfD,D2DsD^${x, 9^, 9a) = -^d-^^'''"' DADBDcDn<l>{x, 9^, 9a) • (2.3) 

Here the notation was introduced for the covariant derivatives in the superspace 

DA = deA-^9Ad+, D^ = dg^-^9^d+, {Da, D^} = -S^d+ . (2.4) 

The superfields ()2.2|) and ()2.3p satisfy the chirality condition 

D^<P{x, 9"", 9a) = Da^{x, 9^, 9a) = 0. (2.5) 

As was first found in Refs. [121 El 1201 UH] , all Green's functions computed from ()2.1|) do not 
contain ultraviolet divergences to all orders of perturbation theory and, therefore, the J\f = 4 
light-cone action 1)2.11) defines an ultraviolet finite quantum field theory. As such, it inherits all 
symmetries of the classical Lagrangian including the invariance under superconformal transfor- 
mations. Later in Sect. 4 we shall make use of the subgroup of these transformations that leaves 
the '-|- '-direction on the light-cone invariant. 

Let us now turn to Yang-Mills theories with less supersymmetry. Their light-cone formulation 
can be obtained from J\f = 4 SYM using the "method of truncation" [21] which is based on the 
following identity 



d^xd^9d^9C{<P) = (-l)^y" d^xd^-^9d^-^9 [D^Dj^C{$ 



(2.6) 



Applying ()2.6p . one can rewrite the Af = 4 model in terms of one Af = 2 light-cone Yang- Mills 
chiral superfield ^'•^^ (x, 9"^, 9a) coupled to the J\f = 2 Wess-Zumino chiral superfield {x, 9^, 9a) 

^(2) = cpW(x,^^^,^^)|,3.,3=o , ^^^^ = Ds<P^'^Hx,9^,9A)\e-^^e,^o , (2.7) 

94=64=0 94=94=0 

where the superscript refers to the underlying A/"— extended SYM and <P^^^ is defined in ()2.2)1 . 
Putting iZ/^^) = 0, one obtains the light-cone formulation of the Af = 2 SYM [211 122] 

Sm=2 = j d^xd'^9d^9!^ - mfp" + 2gr''^{d+<P''i>^d<P^ + d+3''<P''d3'') 

- 2g^r''T'^^^{d+<P''D^DW) {d+§'^DiD2<P') \ . (2.8) 
9+ d+ J 



Here <P = (1>^'^\x,9'^,9a) is a complex chiral M = 2 superfield. Substituting (jT2|l into (jTTjl one 
finds 

${x,e^,eA) = e^'-''+l^d-'A{x) + e^d-^\A{x) + ^^8^36^9^ , (2.9) 

where = 0i2(a:) and a,b = 1, 2. The conjugated (anti-chiral) superfield ${x, 9"^, 9a) involves the 
fields A{x), X"^ and 0, and in distinction with the J\f =4 model, it is independent on 9^, 9a)- 

In the M = 2 light-cone action ()2.8p . the propagating fields are the transverse components of 
the gauge field one complex scalar field and two complex Grassmann fields \"^{x) 

describing "good" components of two Majorana fermions. 

As a next step, one applies (j2.6|) to truncate the N = 2 down to TV" = 1 SYM. Similar to 
the previous case, one defines two chiral superfields = <P^'^\x,9^,9A)\e^=e2=o ^iid = 
L>2(?(^)(x,6'^,^^) 1 02=02=0 and puts ^^^^ = to retain only the contribution of the X = I SYM 
superfield. This leads to 

.... ^ l,^.,Ms{,'uo,,' . 2,f-iaMB,' - oM^a,^) 

+ 2g'^r''T'^'^{d+<P^D^d+4>'')^{d+3'^D^d+<P')\ , (2.10) 

where the J\f = 1 light-cone chiral superfield <P = <P^^\x, 9, 9) is given by 

^{x,9,9) =e^^'^^+|a;^A(x) + ^a;^A(x)|, (2.11) 

with A = Ai(x). In the J\f = 1 light-cone action ()2.10p . the propagating fields are the transverse 
components of the gauge fields A{x) and one complex Grassmann field A(x) describing "good" 
component of Majorana fermion. 

Finally, we use (|2.6|) to truncate J\f = 1 down to A/" = Yang-Mills theory. The resulting 
light-cone action takes the form 

^^^=0 = j d^x!^mdl<P'' - 2gr^'{d+<P''dl3^d<P^ + d+i>''dl<P''d3'') 

- 2g^f''''T'^'^{d+$^dl§'')^{d+3'^dl^')\ , (2.12) 

where the A/" = field is given by 

${x) = <P^^\x,9Me=e=o = d-^A{x) . (2.13) 

The light-cone action ()2.12|) coincides with the well-known expression for the action of SU{Nc) 
gluodynamics quantized in the gauge A+{x) = fl^. 

It seems like an overcomplication to work with ()2.13j) since one can easily reformulate the 
action ()2.12j) in terms of a local, field strength tensor d+A{x). In a similar manner, the A/" = 1 
and Af = 2 light-cone actions, Eqs. ()2.10|) and ()2.8|) . can be formulated in terms of superfields, 
= ei^"^^+{A(x) + 9d+A{x)} and A = e^^"^^+{20(x) + 9^Xa{x) - ^eAB9^9''d+A{x)}, 
respectively, expressed solely in terms of the elementary conformal primaries. In the J\f = 4 case, 
this is not possible on the basis of simple dimensional considerations alone since the superfield 
has to embrace all available particle helicity states. However, in our analysis we prefer to deal 
with the superfields involving nonlocal operators. The reason for this is that as we will show 
below the evolution operator governing the scale dependence of the product of such superfields 
turns out to be universal for all Yang-Mills theories in question. 
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3. Evolution equations on the light-cone 



Let us consider the scale dependence of Wilson operators in the TV-extended SYM. In general, 
these are local gauge-invariant composite operators O^^^j-.-mlI^) built from fundamental fields - 
strength tensor fermions ^^{x), scalars (f)^^{x) - and their complex conjugate as well as 

arbitrary number of covariant derivatives = df^ — ig [y4^(x), ] acting on them. The Wilson 
operators carry Lorentz and isotopic SU (A/") indices and can be classified according to irreducible 
representations of both groups. Later in this section we shall study the Wilson operators of 
the maximal Lorentz spin or, equivalently, the minimal twist. They have the Lorentz structure 
completely symmetric and traceless in any pair of Lorentz indices. Such operators can be obtained 
by projecting a general operator onto light-like vectors O^^^^^ = n'^^n^^ . . . n^^0^^^2...^^(x) with 
nl = 0. 

In the light-cone formalism, the Wilson operators can be built only from "physical" com- 
ponents of fundamental fields (transverse components of gauge fields, "good" components of 
fermions and scalars) and covariant derivatives acting on them. As was already mentioned, the 
remaining components are not dynamically independent and can be expressed (nonlocally) in 
terms of physical ones by virtue of the equations of motion. In addition, making use of the su- 
perfield formulation, one can construct the Wilson operators directly from the light-cone scalar 
chiral ${x, 9^, 9a) and antichiral ^(x, 9a) superfields, covariant derivatives and deriva- 
tives acting on Grassmann variables Sqa and dfj^. This construction holds in the SYM theory 
regardless the number of supersymmetries involved. Notice that according to ()2.3|1 the Wilson 
operators in the A/" = 4 SYM can be built solely from chiral superfields. For M <2 the superfields 
<?(x, 9^^ 9a) and ^(x, 9^^ 9a) are independent on each other and have to be taken into account 
on equal footing. 

In what follows we shall restrict ourselves to the subclass of single trace maximal spin Wilson 
operators built entirely from chiral (or anti-chiral) superfields. In the light-like axial gauge 
n ■ A = A+(a;) = 0, such operators can be constructed from the strength tensor n^F^i, = 
F+i,(x) = d+Ai^{x), or equivalently, d+A{x) and d+A{x), fermions (A^ and A^), scalars {(j)^^ and 
(pAs) and covariant derivatives n ■ D = = 9+. The generating function for such operators 
takes the form 

0(Zi, Z2,..., Zl) = tr {<Pixin^, 9^ 9ia) ^(xsn^, 9^, 92a) ■ ■ ■ ^{xm^, 9t, 9la)} • (3.1) 

Here all superfields are located on the light-cone along the '+ '-direction defined by a light- 
like vector (?t,+ = n± = and n_ = 1) and the variables Xk specify their position. The 
Zfc— variables in the left-hand side of p.ip stand for the coordinates of the superfields in the 
superspace. According to ()2.2j) . a chiral superfield satisfies the relation <P{xn^, 9^, 9a) = ^(n^(x+ 
^9-9), 9^, 0) which allows one to eliminate the ^-dependence in 1)3.11) and define the Z— coordinates 
in the superspace as ^ 

Z = {z,9\...,9^), z = x + h-9. (3.2) 

Later we shall use a shorthand notation for the chiral light-cone superfield ^{Z) = '^{z, 9^). 

The expansion of the right-hand side of p.ip in powers of Zj — z^ yields an infinite tower of 
operators 

L 

l[{d.f^O{Z,,...,ZL) =tT{D'^^m9t)...D'l^${0,9t)} , (3.3) 



1=1 



zi=0 



^Throughout the paper we adopt the foUowing convention for the complex conjugation (^x)* = ^X- 
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where we took into account that n-D = Dj^ = d+ in the gauge A+{x) = 0. Expanding further the 
right-hand side of (jH.Hj) in powers of 6'"^— variables, one obtains a set of composite operators built 
from propagating fields. Notice that not all of them are Wilson operators. The reason for this 
is that the superfields, Eqs. ()2.2|) . ()2.9p . ()2.1H) and ()2.13|) . involve nonlocal operators dl^^A{x) 
and d^^XA^x), while the Wilson operators can only involve d+A{x), A^(x) and their derivatives. 
For instance, expansion of the light-cone operator 0{Zi, Z2) in the Af = 4 theory gives rise to 
the following dimension two operators: 0'^'^0a_b(O), d^^Ad+A(0) and O^^Xa Aa(0). Among them 
only the first one is a Wilson operator. Although naively one might expect that this operator 
could mix under renormalization with the other two, the locality of the Af = 4 theory prohibits 
such mixing. 

To eliminate the contribution of nonlocal operators to ()3.H1 . one has to project the nonlocal 
operator ()3.1|1 onto a "physical" subspace of local Wilson operators 

o*(Zi, . . . , Zi) = n • o(Zi, ...,Zl) = ti {^>-(zi, et)... <f*(zL, et)} , (3.4) 

where the notation was introduced for the superfield 

^^(z, = cp{z, e^) - <?(0, 0) - Z ■ (0, 0) , (3.5) 

with Z -dz = zdz + O^Oqa. The superfield <P^(z, 6^) does not involve nonlocal gauge and fermion 
operators, c?^^A(0), A(0) and 9^^A'^(0), and, therefore, 0^(Zi, Z^) generates only Wilson 
operators. It is easy to verify using ()3.4|) that 11 is a projector, 11^ = 11. 

The Wilson operators generated by the light-cone operator ()3.4j) mix under renormalization. 
To find their anomalous dimensions one has to diagonalize the corresponding mixing matrix. For 
the light-cone SYM theories introduced in the previous section, this matrix can be calculated in 
perturbation theory using the supergraph Feynman technique developed in Ref. p!T. The size 
of the mixing matrix depends on the total number of derivatives in ()3.3p and it rapidly grows as 
this number increases. To avoid such complication and in order to reveal a hidden symmetry of 
the evolution equations, it is convenient to work directly with nonlocal light-cone operators ()3.1|) . 
Having established the scale dependence of the light-cone operator ()3.1|1 . one can reconstruct the 
mixing matrix by substituting the nonlocal operator 0(Zi, Z2, . . . , Zl) by its expansion in terms 
of local Wilson operators ()3.3|) . 

In the multi-color limit, Nc ^ 00 and g'^N^ = fixed, to the lowest order of perturbation theory, 
quantum corrections to p.ip arise due to interaction between two nearest neighbor superfields 
^(Zfc) and <?(Zfc+i) (with k = 1,...,L). The corresponding Feynman diagrams are displayed 
in Fig. n They involve cubic and quartic vertices which can be read off the light-cone actions, 
Eqs. (j2.1|) . (j2.8|) . (j2.1(Jj) and (j2.12|) . The first two diagrams are divergent due to light-cone 
separation of the superfields while the remaining two diagrams contain conventional ultraviolet 
divergences due to the renormalization of the superfields. To one-loop order the renormalization 
group (Callan-Symanzik) equation for the nonlocal operator ()3.1|) can be written as jHl El] 



Ydil + '^^^i' • • • ' = P ■ ^] ^^1' Z2,...,Zl) + {{g'N^r) , (3.6) 

where H is some integral operator and (3{g) =0 in the A/" = 4 SYM theory. This equation is just 
a Ward identity for the dilatation operator in the A/"— extended SYM theory in the multi-color 
limit (see, e.g., [2H])- The evolution kernel EI defines the representation of the dilatation operator 
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k fc+1 




Figure 1: Feynman supergraphs defining one- loop contribution to the two-particle evolution 
kernel fc+i in the multi-color limit. The dashed line denotes the '-|- '-direction on the light- 
cone and the open circles define the position of the superfields. 

on the space of light-cone superfields (jSHj). Its eigenvalues determine the spectrum of anomalous 
dimensions of Wilson operators in the A/"— extended SYM theory. 

The possible form of the evolution kernel EI is constrained by the symmetries of the underlying 
SYM theory. To one-loop order, in the multi-color limit the operator H can be written as the 
sum over two-particle nearest neighbor interactions 

H = Hi2 + . . . + Hi_i,L + Hi,i . (3.7) 

The two-particle kernel M.k^k+i receives contribution from the Feynman diagrams shown in Fig. ^ 
We will establish the explicit form of EI in the A/"— extended SYM theory in Sect. 5. 

Secondly, we recall that EI acts on the product of superfields (jH.lj) whose expansion around 
Zfc = generates both Wilson operators and nonlocal operators. The OPE implies that the 
Wilson operators cannot mix with nonlocal operators while the inverse is possible. Thus, the 
evolution kernel EI in ()3.6p has to transform "physical" operators 0^(Zi, . . . , Z^), Eq. ()3.4|) . into 
themselves. To satisfy this requirement it suffices to demand that nEI(l — 11) = where the 
projector 11 was introduced in Eq. ()3.4|1 . We shall check this relation in Sect. 5 (see Eq. ()5.4j) 
below) . 

Finally, the third constraint is imposed by the invariance of the classical action of the light- 
cone SYM theory, Eqs. ()2.H) . ()2.8p . ()2.10|) and ()2.12j) . under superconformal transformations. 
This symmetry survives at the quantum level in the A/" = 4 theory, while at A/" = 2, A/" = 1 
and A/" = it is broken by quantum corrections. In the latter case, however, symmetry breaking 
effects affect the evolution equations ()3.(j|l starting only from the two-loop level jSEI- This means 
that the one-loop operator EI possesses the symmetry of the classical action and, therefore, it has 
to commute with the generators of the A/"— extended superconformal group. As we will show in 
the next section, this imposes severe restrictions on the possible form of the evolution kernel ()3.7|) . 

4. Superconformal symmetry on the light-cone 

The AA— extended superconformal algebra SU{2,2\Af) contains 15 even charges P^, M^j,, D 
and and AAf odd charges QaA, Q"^, S;^, which are two-component Weyl spinors and 
A = 1,2, .. . ,A/'. It also contains additional bosonic chiral charge R and, in case of extended 
Af > 1 supersymmetries, the charges Ta^ satisfying the SU{J\f) commutation relations j2ZI- 
Scalar light-cone superfield ${x, 6^, 6a) realizes a representation of this algebra. Its infinitesimal 
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variations under superconformal transformations look like 

0^, Oa) = i[<^{x, e^, Oa), G] = -zG<P{x, 9^, 6 a) , (4.1) 

where G = e^P^, e^'^M^^y, . . . for even generators and G = ^Q, . . . for odd generators with ^ be- 
ing a constant Grassmann- valued Weyl spinor. In this representation, the quantum-field operator 
G is represented by the operator G acting on even and odd coordinates of the superfield [2Zj . 

Let us examine the action of superconformal algebra on the operators ()3.H) . We remind that 
the superfields entering ()3.H) are located on the light-cone along the '-|- '-direction defined by the 
light-like vector n^. In order to preserve this property, we have to restrict ourselves to super- 
conformal transformations that map the '+ '-direction on the light-cone into itself. Under these 
restrictions the full superconformal algebra is reduced to its subalgebra, the so-called coUinear 
SL{2\N') superalgebra, containing the following generators 

P+, M_+, D, K_, Q+^A, Qf, S^„, S^^, R, T^^, M^2, (4.2) 

where for the odd charges the +/— subscript indicates "good" /"bad" components of the Weyl 
spinor.^ In the light-cone formalism, such one-component spinors can be described by a complex 
Grassmann field without any Lorentz index. 

In the light-cone formalism, the action of the generators of the coUinear superalgebra ()4.2j) on 
the chiral scalar superfield <P(xn^, 9"^, 6a) can be represented as differential operators acting on 
z = 9-9 and 9"^ while the remaining generators of the superconformal algebra have a nonlinear 
realization on the superfield pi]. Introducing linear combinations of the operators zP+ = —L~, 
\iK_ = L+, li{D + M_+) = LO, t{D - M_+) = E, iQ+a = </8VX , iQi = -i</8W^'-, 
iS^ = -v^Vr^'+, iS.A = i<P^VX and \{\- jj)R + \M^2 = B, we find that they admit the 
following representation for the chiral scalar superfield 

L- = -d,, L-^ = 2jz + z^d, + z{9-de) , = j + zd, + ^ {9 ■ de) , E = t, 

W^'- = 9^d,, = 9^ [2j + zd, + {9-de)], = O^a , = zdgA , 

Tb^ = 9^deB - ^ 6^0 ■ dg) , B = -j - \ [l - ^) [9 ■ dg) . 

(4.3) 

where = d/dz and 9 ■ dg = 9'^d/d9^. The operators ()4.3p satisfy the SL{2\N') (anti-) com- 
mutation relations [2H]- In E<1- ()4.3p . j = |(s + £) is the conformal spin and t = i — s is the 
twist of the superfield [23]. Also, £ and s are correspondingly the canonical dimension and pro- 
jection of the spin on the '+'- direction of the superfield defined as z[D, <P(0, 0, 0)] = £<P(0,0,0) 
and z[M_+, ^(0,0,0)] = s^(0,0,0). For the scalar superfields defined in (Q, (gS)), (IZTTll and 
fj2.13|) one has i = and s = — 1 leading to 

J = -^, t = l- (4.4) 

The one-loop evolution kernel EI has to respect the superconformal symmetry and, therefore, 
it has to commute with the generators of the SL{2\N') coUinear superalgebra. Let us determine a 

•^For arbitrary Weyl spinors Xa and x" the projection onto the "good" and "bad" components looks like 
X±a = ^a^^p a± ^^X7 and xl = ■ 
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general form of the operator satisfying these conditions. To begin with, we consider the evolution 
of the light-cone operator (jH.lll in the special limit when all odd variables are set equal to zero, 



xi, ...,xl)= 0{Zi, 



')t=-=et- 



tr{^(xin^,0)...^(xLn^,0)}. (4.5) 



:0 



Since <P(xn^,0) = d~^A{xn^), the operator ()4.5|1 is reduced to the product of L gauge fields of 
helicity +1. To one- loop order, the operator ()4.5j) can only mix with the operators containing the 
same number of superfields and the same total helicity. This means that 0*-'''*(xi, . . . , xl) evolves 
autonomously under renormalization group transformations and, therefore, the evolution kernel 
H has to map light-cone operators ()4.5p into themselves. Notice that for the operators ()4.5p 
the coUinear superconformal group ()4.Hj) is reduced to its SL{2) subgroup with the generators 
/~ = — X^fc^a^fc' ~ Sfc 2j + ^k^xk ^° — Tiki + ^kdxk- Therefore, the evolution kernel 
governing the scale dependence of the operators ()4.5|1 has to be SL{2) invariant. 

A general form of the SL{2) invariant kernel has been found in Ref. |3]. To one-loop order, 
in the multi-color limit it has the form ()3.7|) with the two-particle kernel given by 

[Hi2 ■ 0(°)] (xi, ...,xl) = da d(3 {aPf'~^^ 0(°) (xi - axi2, X2 + ^Xi2, X3, . . . , xl) , 

(4.6) 

where a = l — a, (3=1 — (3 and X12 = xi — X2. Here j is the conformal spin of the fields entering 
fl4.5j) and if is an arbitrary function.^ The operator ()4.(j|l has a simple interpretation — acting 
on the product of L fields situated on the light-cone it displays only two of them (labeled as 
1 and 2) in the direction of each other. The explicit form of the function ip{C,) is not fixed by 
the SL{2) invariance. It depends both on the underlying gauge theory and the operator under 
consideration 

The two-particle kernel M.12 has to be invariant under the superconformal transformations 
and act locally on the superfields $(2'i) and $(^2). This implies in particular that [E[i2, V^''^' + 
y^'^^'] = and [EI12, Vj'*'''] = where /c > 3 and the superscript {k) indicates that the charges 
defined in ()4.3|) act on the coordinates of /cth field. These charges generate shifts in the 
superspaces along the odd directions 

OW(xi, X2) = e-"[^-"''^+^-^"'''l-^"[^-"'''+<'''l 0(Zi, Z,) , (4.7) 

where = {(^1 ^ 02)/xi2 and = (xi^^ — X2^^^)/xi2. Combining together ()4.7|) and ()4.6p one 
gets 

[H12 ■ O] (Zl, . . . , Zi) = da £ d(3 (a/5)2^- V (^^) 0(Zi - aZ^, Z2 + PZ^, ^3, • • • , ^l) , 

(4.8) 

where Z12 = Z\ — Z2 = {x\ — X2,Q\ — Q\, ■ ■ ■ ,Q\ — Q2 \ before, the superconformal symmetry 
does not allow one to fix the explicit form of the weight function V9(^). 

To summarize, Eq. ()4.8|) defines the most general form of the two-particle evolution kernel 
consistent with the symmetries of A/"— extended SYM theory. This kernel has a transparent inter- 
pretation in the superspace. Acting on the light-cone operator (|3.ip it displaces the superfields 

''Strictly speaking, this formula holds only for j > 1/2 while for j < 1/2 it has to be modified to make the 
integral convergent (see below). 
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located at the points Z\ and in the direction of each other. As we will show in the next sec- 
tion, the fact that both even and odd coordinates of the superfields are modified simultaneously 
implies certain pattern of the mixing between Wilson operators. 



5. One- loop dilatation operator 

The expression for the two-particle evolution kernel ()4.8|1 depends on the conformal spin of the 
superfield j = —1/2, Eq. ()4.4|) . and yet unknown function '^i^)- To determine this function one 
has to calculate the Feynman supergraphs shown in Fig. ^ and match their divergent part into 
a general expression for the two-particle kernel H[i2, Eq. ()4.8|) . 

Going through the calculation of Feynman supergraphs we find that in the TV = 4, A/" = 2, 
jV = 1 and A/" = SYM theories the one-loop two-particle evolution kernel E[i2 has the same, 
universal form. Namely, M.12 is factorized into a product of two commuting operators 

H12 = V12 (1 - ni2) , (5.1) 

with [V12, ni2] = 0. The operator V12 is given by (gH) for j = -1/2 and = -5(0 

YuO{Z,,...,Zl)= —^—r\2a^O{ZuZ2,...,ZL) (5.2) 



Jo (1 — tt)tt^ 

-0(aZi + (1 - a)Z2, Z2, Zl) - 0(Zi, aZ2 + (1 - a)Zi, Zl] 
The second operator is a projector, (1112)^ = ni2. It is defined as 

ni20(Zi, Zl) = 1(1 + Z12 • dz) 0(Z, Z2, Zl) + |(1 + Z21 ■ dz) 0(Zi, Z, Zl) 

Z=Z2 Z=Zi 

(5.3) 

where {Zu ■ dz) = (^i — Z2)dz + {6^ — 6*^)50^. Examining ()5.2|1 we see that the integral over a is 
divergent for a — > 0. Using ()5.2|1 and ()5.3j) one can check that divergences cancel in the expression 
for [¥12(1 — 1112) ■ 0](Zi, . . . , Zl) and, therefore, the integral operator ()5.1|) is well-defined. We 
would like to stress that Eqs. ()5.1|) - ()5.3|) are valid only for the light-cone operators p.ip built 
from the chiral superfields in the A/"- extended SYM. The A/"- dependence enters into Eqs. (15.11) 
- ()5.3j) entirely through the dimension of the superspace Z = {x,6^, . . . , 6^). This means that in 
order to go, for example, from A/" = 4 down to A/" = 2 one has to put 6^ = 6"^ = 0. 

It is straightforward to verify that the operators V12 and ni2 commute with the generators of 
the super conformal algebra ()4.3|) and the same is true for EI12. The appearance of the projector 
1 — ni2 in the right-hand side of 1)5.11) can be understood as follows. It can be deduced from the 
evolution equation ()3.6j) that, because of this projector, the operator Ili20{Zi, Z2) has a vanish- 
ing anomalous dimension. Indeed, according to the definition (15. 3|) . the operator Ili20{Zi, Z2) 
contains bilinear products of nonlocal fields, d^^A{0), A(0) and d^^X{0), which do not contain 
ultraviolet divergences as long as the Mandelstam-Leibbrandt prescription is used. 

The evolution kernel defined in Eqs. ()5.1|) and ()3.7|) governs the scale dependence of a nonlocal 
light-cone operator 0{Zi, . . . , Zl), Eq. 1)3.1)) . As was already mentioned, 0{Zi, . . . , Zl) is a 
generating function for both the Wilson operators and spurious nonlocal operators. The latter 
operators can be removed by applying the projector 11, Eq. ()3.4)) . to both sides of the evolution 
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equation ()3.6|1 . One verifies using ()5.1|) and ()5.3|1 that the operators Mu and satisfy the 
following relations 

nHi2(i-n) = o, nni2 = o. (5.4) 

Multiplying both sides of (jH.fij) by 11 one finds that the "physical" light-cone operator 0^(Zi, Zl) 
Eq. ()3.4j) . evolves autonomously with the corresponding two-particle evolution kernel given by 

= nei2 = nMi2n = nvi2(i - ni2)n = n(i - ni2)Vi2n = nvi2n . (5.5) 

Combined together Eqs. ()3.7|) . ()5.1|) . ()5.2p and ()5.3|) define the one-loop evolution kernel for 
the light-cone operators ()3.H) in J\f = 4, J\f = 2, J\f = 1 and M = SYM theories in the 
multi-color limit. The origin of such universality is the following. According to ()4.fjj) . <f{^) 
determines the two-particle kernel for maximal helicity operators ()4.5j) . This kernel describes the 
RG evolution of the light-cone operator (9~^^A(xin^) d~^A{x2n^) built from two helicity +1 gauge 
fields. To one-loop order, the corresponding Feynman diagrams involve cubic and quartic pure 
gluonic vertices and, therefore, they are only sensitive to the pure gluonic part of the A/'-extended 
SYM action. The latter is the same for the light-cone actions ^B>, and ((21121) • 

Expanding both sides of ()3.(ij) in powers of even and odd variables, Zk and 6^^, respectively, 
one can obtain from 1)5.11) the mixing matrix for Wilson operators of the maximal Lorentz spin 
in the A/'-extended SYM. To illustrate the predictive power of ()5.1|) let us derive the mixing 
matrices for three different sets of the Wilson operators: maximal helicity gauge field operators, 
scalar operators in the A/" = 4 SYM theory with no derivatives and twist-two 5*0(6) singlet 
operators involving an arbitrary number of derivatives. Obviously, these three examples do not 
cover all possible Wilson operators. A general classification of the solutions to ()3.6p will be given 
elsewhere. 

(i) Maximal helicity Wilson gauge operators are defined in the light-cone gauge A_^.{x) = as 

OL...... (0) = tT{9':^^'A{0) 9^ +^A(0) . . . di^-^'AiO)} , (5.6) 

with < J fc < oo counting the number of derivatives. To one- loop order, in the multi-color limit, 
the operators ()5.6j) mix under renormalization with the operators 0^,j, (0) having the same 
total number of derivatives ][ + ■ . ■+jL- According to ()2.2|) . the helicity +1 gauge field determines 
the lowest component of the A/" = 4 superfield leading to &!^^A{x) = (9^+^<P(x, 0, 0). Therefore, 
applying S^J"*"^ . . . c^^^^^ to both sides of ()3.6p and putting Zi = . . . = = afterwards, one 
obtains from ()3.6|) the evolution equation for the Wilson operators (|5.6p . The corresponding 
mixing matrix takes the form (see Eq. ()3.7p ) 

= vf&4 • • • + • ■ ■ + 44 ■ ■ ■ +44--- ^Si > (5-7) 

where the two-particle mixing matrix ¥^{^1 describes the transition ^ 



It is related to the two-particle evolution kernel as 



Zi=Z2=0 „-/_L„-' 



E ^^"^(0) ^^"^(0) • (5-8) 

ii+i2=ii+i2 



This relation establishes the correspondence between the mixing matrix of local Wilson operators 
and evolution kernels of nonlocal light-cone operators. Making use of ()5.H) . the left-hand side of 
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()5.8|1 can be written after some algebra as 
da 



Eq.dEH)) 



-a 



a 



Zk=0 

(5.9) 

This expression serves as a generating function for the matrix elements ^j^j-j entering (j5.8p . 
The mixing matrix (j5.7p for the maximal helicity operators (j5.6|) with an arbitrary number of 
derivatives and a given number of fields L has an infinite size. In addition, as was mentioned in 
Sect. 1, it possesses a hidden symmetry. Namely, the evolution kernel ()5.7|) can be mapped into 
a Hamiltonian of completely integrable Heisenberg SL{2) spin chain of length L. 



(ii) Composite scalar operators are built from six real scalar fields (j)j{x) {j 



3in---3L 



tr{0,,(O)0,,(O)...0,,(O)}, 



1 



2^2 i 



(5.10) 



which are given by linear combinations of (pAB- Here, j = 1, . . . ,6 and are the chiral blocks 
of Dirac matrices in six- dimensional Euclidean space [21]. In the multi-color limit, to one-loop 
order the scalar operators 0^^.. .,-^(0) mix with each other under renormalization. Similar to the 
previous case, one uses the relation between the scalar fields and the A/" = 4 superfield ()2.2|) . 
4>j{x) = -^^S^^ dgAd0B${x , 9^, 0)\gA^o, to derive from ()3.6p the evolution equation for the scalar 
operators ()5.10|) . The corresponding mixing matrix takes the same form as before, Eq. ()5.7|) . but 

the expression for the two-particle mixing matrix V^j^j^ describing the transition (f)jj^4>j2 4'j[4'j^ 
is different 
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yf& <p3im^i^) ■ (5.11) 



Zi=Z2=0 



Substituting ()5.1|) into this relation one finds after some algebra 



^3132 "ji"j2 ^ 2 "Jija" "31 32 



lU 



(5.12) 



The expressions fj5.7|) and ()5.12j) define the one-loop evolution kernel for the scalar operators 
fj5.10|) in the multi-color limit. They are in agreement with the results of Ref. ^j. The mixing 



matrix [EI]jJ"'j-^ for the product of L scalar operators has a finite dimension 6 . As in the previous 
case, it has a hidden symmetry - this matrix can be mapped into a Hamiltonian of completely 
integrable Heisenberg 5*0(6) spin chain of length L [10,^. 

(iii) Twist-two 5*0(6) singlet parity-even gauge operators are defined as 



0\N) = tT{F+^D^F+^'} = tT{d^+^Ad+A + d+Ad^+^A} 



(5.13) 



where in the second relation we adopted the light-cone gauge A^{x) = 0. They mix under 
renormalization with the twist-two fermion and scalar operators of the same canonical dimension 



0''(Ar) = tT{d^^'\A\^ - XaO^-^'X^} , O^(Ar) = tii^ABd^^^cP^''} 



(5.14) 



as well as with the operators containing total derivatives d^O"'{N — n), with a = g,q,s and n = 
1, . . . ,N. The latter operators can be effectively eliminated by going over to the forward matrix 
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elements of the operators ()5.13jl and ()5.14|1 . The mixing between the operators ()5.13j) and ()5.14|1 is 
described by a 3 x 3 matrix of the anomalous dimensions jabiN) (with a,b = g, q, s). To calculate 
its one-loop expression from (j3.6j) . one uses the relations d+A{x) = d'^${x,0,0) and d+A{x) = 
—de^{x,0,0), where the A/" = 4 superfield is given by ()2.2p and d^ = ^e^^'^^dgAdgBdgcdgD. 
Then, the evolution equation for the gauge field operator ()5.13|) can be derived from ()3.6|) as 



Zfc=0 



j2 lAN) mN)) 



b=g,g,s 



(5.15) 

where (...) stands for the forward matrix element and the additional factor of 2 takes into ac- 
count that the evolution kernel for the two-particle operators equals H = M.12 + H21 = 2Hi2. 
Substituting ()5.ip into ()5.15p one finds after some algebra 



7/^(1) -^(Ar+ 1) 



+ 



A^ + 2 



+ 



A^ + 1 A^ + 2 A^ + 3 



A^ + 3 
7.s(iV) 



A^ + 4 



{N + l){N + 2) 



(5.16) 



where iIj{x) = d\nr{x)/dx is the Euler function. The remaining entries of the matrix of anoma- 
lous dimensions can be calculated in a similar manner. This leads to the expression for 'yab{N) 
which is in agreement with the results of Ref. jHO]- As we will show in the next section, '~fab{N) 
can be mapped into a two-particle Hamiltonian of the Heisenberg S'L(2|4) spin chain. 



6. Heisenberg SL(2\J\f) spin chain 

Let us show that the one-loop evolution kernel for light-cone operators p.ip in the A/"— extended 
SYM theory defined in ()3.7|) and ()5.1|) possesses a hidden integrability - it can be identified as a 
Hamiltonian of the Heisenberg SL{2\N') spin chain. To this end, we shall construct the i?— matrix 
on the space of light-cone superfields and argue that its logarithmic derivative coincides with the 
expression for the two-particle evolution kernel ()5.5j] . 

The light-cone scalar superfield ^(z, 6^) defines a representation of the superconformal SL{2\J\f) 
algebra that we shall denote as V . The fact that ^(z, 6"^) is chiral implies that V is the so-called 
atypical representation ||2S]. The generators of the algebra are realized on V as differential oper- 
ators ()4.3|1 . The states {1, 2;, 6'"^, zO^^ 9^9^, . . .} G V define coefficient functions in the expansion 
of the superfield around the origin in the superspace ${z, 9^) = <P{0, 0) + Z ■ dz^{0, 0) + ^{Z ■ 
dzY^iO, 0) -|- . . . with 1 being the lowest weight in V. The quadratic Casimir operator is |2BJ ^ 

f = (L°)2 + L+L- + (AT - 1)L° + jf^B^ - V+W^'- - W+V^'- - \ T^aT^b ■ (6.1) 

For the superfield ^(2, 9"^) one has <p{^z, 9^) = j [j + TV - 1 + ^] ^(2, 0^) , with j = -1/2 
being the conformal spin of the superfield ()4.4|) . 

A distinguished feature of V is that for j = —1/2 it contains an invariant subspace spanned 
by the vectors Vq = {1, z,9^, . . . ,9^}. The corresponding superfield (Po{z,9'^) = <?(0,0) -|- 

^The singularity of Jf^ at Af — 2 is spurious since it can be removed by adding to the r.h.s. of Ht).l|) an infinite 
c-number correction. 
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zdz^{0, 0) + 9^dgA$(0, 0) is built entirely from spurious components of fields and is annihilated 
by the projector T^<^oiz, 0^) = 0. Thus, the "physical" superfield = <P{z, e'^)-<Po{z, 6^) 

defined in Eq. belongs to the quotient of the two spaces Vw = ^/Vb- Let us now con- 

sider the product of two superfields <l>{Zi)<P{Z2) belonging to the tensor product V ®V . The 
generators of the superconformal algebra are given onV ®V hy the sum of the differential oper- 
ators ()4.3|1 acting on the Zi— and Z2— coordinates. Using ()6.1|) one can define the corresponding 
two-particle Casimir operator ^^^d realize it on ® as a 2 x 2 matrix [JIi2]ii = njli2n, 
[JJ2^] 12 = njl?2 ( 1 - n) , etc. Since {l-I{)V ®V = Vo®Vq-Vq®V -V ®Vq and Vq is the invariant 
subspace annihilated by the projector 11, one has [JIi2]i2 = 0, or equivalently, 

n J22(l - n) <P{Zi)<P{Z2) = . (6.2) 

This relation implies that the Casimir operator is given a triangular matrix S12 = {t*)- The 
same is true for an arbitrary two-particle operator like M.12 (see Eq. fl5.4|) ) invariant under the 
superconformal transformations. 

To reveal integrable structures of the evolution equations (jH.fjj) in the A/"— extended SYM 
theory, we apply the i?— matrix approach [HI]. As the starting point, we introduce the Lax 
operator for the SL{2\Af) algebra [32 1331 Ell- given by the graded matrix of dimension 

M +2 whose entries are linear combinations of the generators of the superconformal algebra ()4.3|) 



[Uu)] 



ab 



-V^ u5i-TA^ + j^^B5i VX , (6.3) 

where m is a complex spectral parameter and the indices run over a = {0,A,Af+ 1) and b = 
(0,s,A/'+ 1) with A,B = 1,... ,Af. 

Let us now define an integral operator Mi2(w) acting on the tensor product V ®V a.s 

[Mi2(u)-0](Zi,Z2) = ^^^^^^ [\a r "ci/3(a/3)""-i(l-a-/5)2^^+"-^ 

Jo Jo 

X 0{aZi + (1 - a)Z2, /3^2 + (1 - /3)^i) , (6.4) 

where j = —1/2 and m is a spectral parameter. One can verify that the operator ()6.4j) satisfies 
the SL{2\J\f) Yang-Baxter equation 

Ri2(m)Mi3(m + v)R23{v) = M23(t^)Mi3(M + v)Ri2iu) (6.5) 

and interchanges the Lax operators Li(-u) = L(m) (g) 1 and h2{u) = 11 ® L(-u) 

Li(m) L2(m + v) Ruiv) = Ruiv) Uiu + v) hi{u) . (6.6) 

Here, the Lax operators L,k{u) (with A; = 1, 2) are given by ()6.3|) with the superconformal charges 
acting on the Z^— coordinates. If one puts in ()6.4|) the odd coordinates equal to zero, Zk = 
{zk,9k = 0), the operator Mi2(m) is reduced to the known expression for the SL{2) invariant 
i?— matrix acting along the 2;— axis in the superspace 
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The relation ()6.4j) can be seen as a special case of the SL{2\N') invariant operator ()4.8j) for 
fiO = ('C ~ l)'^^^'^~^usin{7Tu)/TT. The operator ]Ri2(n) satisfies the same relation ()(i.2|l as the 
two-particle Casimir operator and, therefore, it is given by a triangular matrix 




42(m) = , K2iu) = nMi2(n) = nMi2(n)n. (6.7) 



Substituting this expression into (j6.5j) one finds that R5^(m) satisfies the Yang-Baxter equation 
(j6.5|) . Thus, the operator M]^(m) is the i?— matrix on the tensor product of "physical" spaces 
Iw (S> Vw with Vw = V\Vo. Invoking the standard arguments [HI], one finds that its logarithmic 
derivative at m = defines the two-particle Hamiltonian of a completely integrable, homogenous 
XXX Heisenberg SL{2\N') spin chain 



d 

du 



Hfr = :^lnMr2(n) 



u=0 



u=0 



n. (6. 



To calculate the derivative entering this expression, one expands the integral in the right-hand 
side of fl6.4|) at small u and projects the result onto 11, Eq. ()3.4|) . In this way, one finds after 
some algebra 

Mf2(«) = P12 [1 + M ■ nvi2n + o{u^)] , (6.9) 

where the integral operator V12 was defined in fl5.2|) and P12 is the permutation operator, 
Pi20(Zi,Z2) = 0(^2,^1). Substituting this relation into dHIHI) one recovers the two-particle 
evolution kernel Mi2^ = H^. This allows us to identify the evolution kernel for the 

"physical" light-cone operators 0^(Zi, . . . , Zl) as the Hamiltonian of a noncompact Heisenberg 
SL{2\JV) spin chain of length L and the single-particle spin j = —1/2. Similar integrable spin 
chains have been previously studied in Refs. 

To understand the properties of the obtained expression for the i?— matrix one chooses j = 
— I -|- e and examines Eqs. (j6.4p and (j6.8p in the limit e — 0. For e 7^ 0, the SL{2\J\f) generators 
are given by (|4.3p . The corresponding representation space V{e) is irreducible for e 7^ while 
at e = one has V{0) = Vq © Vw- The tensor product V{e) © ^(e) can be decomposed into 
irreducible components with the lowest weights "^[{Zi, Z2) (/ = 0, 1, . . .) 

Vi>o = 1 , ^k = Oti--- , ^n+M = eA,...AX2 ■ ■ ■ 0^2^ , (6-10) 

where 6^2 = di — O2, zi2 = zi — Z2, I < k < J\f — 1 and < n < 00. These states satisfy the 
relations L~'^i = W^'^^i = V^^^i = and diagonalize the two-particle Casimir operator ()6.H) 



fl2 



Aj) ^i = {l + 2j){l + 2j - 1)^1 = Ji2(Ji2 - 1)^« , (6.11) 



with Aj = 2jJ\f \l + ■^h2\ ■ Here the notation was introduced for the two-particle superconformal 
spin J12 = / + 2j = — 1 -|- / -|- 2e with I = 0, 1, .... Substituting the lowest weights into ()6.4|) . one 
evaluates the eigenvalues of the i?— matrix 

M.,(.)W,^(-l)- ^(;-")rfe + "U ,. (6.12) 

r(i + n)r(Ji2 - u) 

For the modules with the lowest weights \E'o and \E'i the eigenvalues of [dlnM.i2{u)/du]\u=o behave 
as ~ 1/e while for the remaining modules \E'i (/ > 2) it approaches a finite value as e ^ 0. Notice 
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that the projector 11 annihilates the modules and \E'i and, therefore, the Hamiltonian ()6.8j) is 
well-defined for e ^ 

= 2 mi + 1) - ^(1)] <2 , (6.13) 

where \E'f = U^^i and = \E'7 = 0. Equation ()6.13|1 defines the eigenvalues of the two-particle 
evolution kernel as a function of the superconformal spin J12 = / — 1. 

The Hamiltonian of the Heisenberg SL{2\N') spin magnet possesses a set of the integrals of 
motion. In the i?— matrix approach, one can find their explicit form by constructing the auxiliary 
transfer matrix. It is equal to the supertrace of the product of the Lax operators ()6.3|) and is 
given by a polynomial in u of degree L with operator-valued coefficients, 

tL{u) = str{Li(M)...L2(n)Li(u)} = (2 - ^^)u^ + q2U^-^ + . . . + Ql , (6.14) 

where q2 = J12...L ~ -^[|^-i/2 + |] is related to the total superconformal spin. It follows from 
the Yang-Baxter equations ()6.5|) and ()6.6|) that the operators qk commute among themselves and 
with the evolution kernel H. The spectral problem for the Heisenberg SL{2\Af) spin magnet can 
be solved within the Bethe Ansatz (see, e.g., [S3]). Using its eigenspectrum one can construct 
the basis of superconformal operators having an autonomous scale dependence and evaluate 
the corresponding anomalous dimensions. We shall return to this problem in a forthcoming 
publication. 

7. Conclusions 

In this paper, we have demonstrated that the one-loop evolution kernel governing the scale 
dependence of the single trace product of chiral light-cone superfields in the A/"— extended SYM 
theory coincides in the multi-color limit with the Hamiltonian of the Heisenberg SL{2\J\f) spin 
chain. We constructed the evolution kernel as an integral operator acting on the superspace and 
found that it has the same, universal form in the Af = 0, = 1, Af = 2 and J\f = 4 SYM 
theories. The only difference is that going over from the A/" = to the maximally symmetric 
A/" = 4 theory, one has to increase the number of odd dimensions in the superspace. 

We already mentioned that in multi-color QCD the one-loop dilatation operator acting on the 
Wilson operators of maximal helicity built from the field strength tensor and sandwiched between 
the quark fields in the fundamental representation coincides with the Hamiltonian of the open 
Heisenberg SL{2) spin chain. It is straightforward to lift this structure into the superspace and 
define the corresponding SL{2\N') invariant dilatation operator. It is natural to expect that it 
describes the scale dependence of the product of the light-cone superfields in the A/"— extended 
SYM theory supplemented with the matter in the fundamental representation. 

In our analysis we restricted ourselves to Wilson operators of the maximal Lorentz spin 
built from the "good" components of the fields. We recall that in the light-cone formalism, 
supersymmetry is realized differently for the "good" and "bad" components. In our consideration 
we made use of a part of superconformal generators which admit a linear realization on the 
superspace. Making use of the remaining part of superconformal generators, one can extend the 
analysis to the Wilson operators of lower spin and those built from "bad" components. 

The dilatation operator constructed in this paper acts on the space of a single trace product 
of chiral superfields. In the A/" = 4 SYM it covers all possible Wilson operators of the maximal 
Lorentz spin while in the SYM theory with less supersymmetry it should be supplemented by 
mixed products of chiral and antichiral light-cone superfields. In the latter case, the dilatation 
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operator can be realized as a Hamiltonian of the spin chain but its integrabihty property will 
be lost. As was shown in Refs. [U Ej, the additional terms in the Hamiltonian responsible for 
breaking the integrabihty lead to the formation of a mass gap in the spectrum of the anomalous 
dimensions in multi-color QCD. This issue deserves further investigation in the A/"— extended 
SYM theory. 
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